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ABSTRACT
Current closure in the pulsar magnetosphere holds the key to its structure. We must determine
not only the global electric circuit, but also the source of its electric charge carriers. We address
this issue with the minimum number of assumptions: a) The magnetosphere is everywhere
ideal and force-free, except above the polar cap and in some finite part of the current sheet;
and b) pairs are produced above the polar cap with multiplicity κ. We show that a thin region
of width δ ≈ rpc/2κ  rpc along the rim of the polar cap provides all the charges that are
needed in the equatorial and separatrix electric current sheet. These charges are transferred
to the current sheet in a narrow dissipation zone just outside the magnetospheric Y-point.
The maximum accelerating potential in this region is equal to the potential drop in the thin
polar cap rim, which is approximately equal to 1/κ times the potential drop from the center
to the edge of the polar cap. The dissipated electromagnetic energy is approximately equal to
0.5/κ times the total pulsar spindown energy loss. Our framework allows to calculate the high
energy emission in terms of the pair multiplicity.
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1 THE MAGNETOSPHERIC ELECTRIC CURRENT
Live pulsars are powerful electromagnetic systems that transport
Poynting energy from a central engine (the rotating magnetized
neutron star), through a large scale electric circuit (the infinitely
conducting magnetosphere), to electromagnetic loads at large dis-
tances (the termination shock and finite magnetospheric dissipative
regions). The central ‘battery’ is the electrically polarized conduct-
ing surface of the rotating magnetized neutron star, and the ‘in-
finitely conducting wires’ lie along magnetic flux surfaces. Obvi-
ously, rotation polarizes not only the conducting surface of the cen-
tral star, but also the conducting magnetosphere. Thus, the whole
magnetosphere is filled with a distributed electric charge
During the past fifty years since we started painting the first
theoretical picture of pulsars (Goldreich & Julian 1969), the as-
trophysical community has been mostly preoccupied with the ori-
gin and distribution of the magnetospheric electric charge which
‘is there’ in order to guarantee that E · B = 0 everywhere in the
magnetosphere. In particular, near the magnetic axis on the stellar
surface, the electric charge density is given by the following ap-
proximate expression first derived by Goldreich and Julian,
ρGJ ≡ ∇ · E∗4pi ≈ −
Ω · B∗
2pic
. (1)
Here, E∗ and B∗ are the electric and magnetic fields around the
stellar magnetic axis respectively. We will henceforth consider only
the case of the aligned rotator in which the region above the polar
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cap is filled with a negative electric charge. In that case,
E∗ =
R
rlc
B∗ , (2)
where, R is the distance from the axis of rotation, and rlc ≡ c/Ω
is the light cylinder radius. The counteraligned case is similar. The
general 3D case will be considered in a future publication.
Soon after the original paper of Goldreich and Julian, it was
proposed that the origin of the distributed magnetospheric electric
charge are pair formation cascades above the magnetic poles. In
these cascades, for every electron in the space charge above the stel-
lar surface, κ times more electron-positron pairs are produced that
flow away from the magnetic poles at relativistic speeds (Daugherty
& Harding 1992). κ may be as high as 103 or even 105 for young
pulsars (Timokhin & Harding 2015, and references therein), but de-
creases to values of order unity for charge starved magnetospheres
off old pulsars, and drops down to zero in dead pulsars.
The astrophysical community hasn’t paid equal attention to
the origin and distribution of the magnetospheric electric current.
In a conducting magnetosphere, the electric current is the agent
that generates spindown torques onto the stellar surface, and thus
carries stellar rotational energy to large distances in the form of
electromagnetic (Poynting) flux. One naive estimate would be that
the electric current density just above the polar cap is on the or-
der of ρGJc. This would correspond to the space charge flowing out
everywhere at the speed of light. Contopoulos, Kazanas & Fendt
(1999) (hereafter CKF) tought us that this is not the case. In fact,
the electric current density along magnetic field lines that originate
in the so-called polar cap differs significantly from the naive esti-
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mate, and even has the opposite sign in certain parts of the polar
cap (e.g. Philippov & Spitkovsky 2018). The total electric current
Ipc through the polar cap, though, may still be estimated roughly as
Ipc ∼ ρGJcpir2pc ≈
ΩΨpc
2pi
, (3)
where, Ψpc is the total amount of magnetic flux contained in the
polar cap, rpc ≈ (r3∗/rlc)1/2 is the radius of the polar cap (approxi-
mately centered on the magnetic axis), and r∗ = 10 km is the radius
of the neutron star. Notice that our expressions for the polar cap ra-
dius and electric current are only approximate, i.e. they are missing
factors of order unity obtained in the CKF solution. In the present
work, we define as ‘polar cap’ the area around the magnetic axis
from which originate magnetic field lines that cross the light cylin-
der. Obviously, once the electromagnetic (Poynting) flux carried
by these field lines crosses the light cylinder, it cannot return back
to the star. Eq. (3) yields a rough estimate of the electromagnetic
losses of the neutron star as
E˙ ∼ 2IpcVpc ≈
Ω2Ψ2pc
2pi2c
≈ 3 × 1033
( B∗
1013 G
)2 ( P
1 s
)−4
erg s−1 , (4)
where, Vpc =
∫ rpc
0
E∗dR = r2pcB∗/2rlc = Ψpc/2pirlc is the potential
drop from the center to the periphery of the polar cap. The factor of
two in eq. (4) is due to the contribution from both polar caps.
The electric circuit originating in the polar cap must somehow
close. CKF first showed that magnetospheric electric current clo-
sure in the interior of the polar cap is only partial. The bulk of the
current closes in the form of a current sheet in a ‘separatrix’ re-
gion between magnetic field lines that cross the light cylinder, and
magnetic field lines that close back onto the star. This is a singular
region in which the ideal relativistic force-free MHD notion that
‘currents flow along magnetic flux surfaces’ does not apply. To be
more precise, the electric current circuit closes along and outside
(not inside!) the boundary of the polar cap. The separatrix region
has nothing to do with the so-called slot gap which originates en-
tirely inside the polar cap (Muslimov & Harding 2003).
2 CHARGE CARRIERS IN THE RETURN CURRENT
The density of charge carriers in a current sheet is practically ‘in-
finite’. In other words, the electric charge density along the sepa-
ratrix is much greater than and has nothing to do with the classical
Goldreich-Julian estimate of eq. (1). The current sheet itself has a
surface charge density σ that we can easily estimate near the sur-
face of the star as follows: Interior to the return current sheet, the
magnetic field consists of a dipolar magnetic field component B∗
and an extra azimuthal magnetic field component Bφ = 2Ipc/rpcc
due to the magnetospheric electric current that threads the polar
cap. Outside the current sheet, the field consists only of a dipolar
magnetic field component B∗OUT. Continuity of B2 −E2 accross the
separatrix region implies a discontinuity of B∗, thus also a discon-
tinuity of E∗ equal to
EOUT ∗ − EIN ∗ ≈ −12
(
rpc
rlc
)3
B∗ ≡ 4piσpc < 0 . (5)
If we assume that this surface charge moves inwards at the speed of
light, it generates a separatrix electric current equal to 2pirpccσpc ∼
(rpc/rlc)2Ipc/2 which is in absolute terms much smaller than Ipc.
Obviously, the separatrix charge at the edge of the polar cap is not
sufficient to support the separatrix return electric current. An impor-
tant question thus arises: what is the origin of the charge carriers in
the separatrix return current?
This question has been addressed only very recently. Con-
topoulos, Kazanas & Kalapotharakos (2014) discussed the limit in
which the separatrix return current vanishes. In that limit, the total
magnetospheric current closes through the polar cap, but it can only
do so via a dissipation zone in the equatorial current sheet beyond
the light cylinder. This solution yields about 40% dissipation of the
total spindown energy in that region. This solution requires a space
charge separated magnetosphere in which the positrons required to
provide the charge and the electric current in the equatorial cur-
rent sheet are provided by the magnetic field lines that enter it all
along. There are no extra pairs to worry about in the current closure,
and the magnetic field lines that open up to infinity are negatively
charged and carry the outgoing electric current.
More recently, Brambilla et al. (2018) addressed the same is-
sue focusing on the (numerically imposed) pair formation multi-
plicity in the polar cap. They obtained various solutions in which
particles that originate near the boundary of the polar cap grad-
ually enter the separatrix current sheet all along its length. Simi-
lar results where also obtained by Cerutti et al. (2015). The prob-
lem with these works is that they are asking too much from global
(so-called ‘ab initio’) PIC simulations. The current state-of-the-art
PIC simulations follow unrealistically heavy super-particles that
flow through the magnetosphere like ‘billiard balls’ (Contopoulos
2016). This can be seen directly in figures (11)-(13) of Brambilla et
al. (2018) in which the trajectories of the heavy particles are clearly
unrealistic. In another work of the same group (Kalapotharakos et
al. 2018), there is an interesting discussion on the limitations of PIC
simulations in capturing particle trajectories in the asymptotic drift
approximation (also called ‘Aristotelian’; Gruzinov 2013).
We here propose a simple solution to the question of the origin
of the charge carriers in the return current. We will only consider
for simplicity the limit of very large pair multiplicity κ  1 in the
axisymmetric regime. The general case of small and large multi-
plicites in a 3D misaligned rotator will be discussed in a future nu-
merical work. Let us begin by considering a narrow ring of width
δ  rpc along the rim of the polar cap on the stellar surface. This
carries an amount of magnetic flux equal to
Ψrim = 2pirpcδB∗ =
2δ
rpc
Ψpc . (6)
According to several numerical solutions in the literature, this re-
gion also carries a small amount of return current Irim (e.g. Con-
topoulos, Kazanas & Fendt 1999; Timokhin 2006). It also carries
a flux of electron-positron pairs equal to 2pirpcδκρGJc/e. The elec-
tron content in that narrow region is sufficient to support the return
current Isepartrix in the separatrix, provided that
δ ≈ Iseparatrix
κrpcΩB∗
. (7)
The natural way for these pairs to supply the electrons needed to
form the separatrix return current is the development of a dissipa-
tion zone just outside the Y-point at the origin of the equatorial cur-
rent sheet on the light cylinder (see description in Figure 1). In that
region, the pair electrons will be accelerated inwards towards the
light cylinder, and will then flow back to the star along the separa-
trix, whereas the pair positrons and the extra positrons that support
the positive electric charge and the return current Irim in that re-
gion will flow outwards. The combined outward flow of positrons
will supply the total return electric current and the electric charge
MNRAS 000, 000–000 (0000)
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Figure 1. Current closure in the pulsar magnetosphere (not drawn to scale:
δ  rpc  r∗  rlc, δ  ∆  rlc.). Central sphere: neutron star. Dashed
line: light cylinder. Grey region: closed field lines. White region: open field
lines. Striped region: field lines that originate in the rim of the polar cap
and close in an equatorial dissipation zone (thick grey line) just outside the
light cylinder. Thick black line: Return current sheet on the surface of and
outside the striped region; (b) Current circuit: Ipc = Iopen − Irim = Iseparatrix,
Iopen = Ieq._cs/2; (c) Charge carriers in the electric current circuit. Pairs are
generated only above the polar cap.
in a dissipationless equatorial current sheet beyond the narrow dis-
sipation zone. The maximum energy that may be attained by the
electrons and positrons that enter the dissipation zone is
max = eVrim =
2δ
rpc
eVpc , (8)
where, Vrim  Vpc is the potential drop accross the rim of the polar
cap. As we will see in the next section, in young pulsars, radiation
reaction will limit the maximum particle energy to lower values.
When the pair formation multiplicity is high, the magne-
tospheric structure is very-very close to the ideal CKF solu-
tion, with only a small amount of dissipation outside the light
cylinder (Kalapotharakos, Harding & Kazanas 2014; Philippov &
Spitkovsky 2014; Kalapotharakos et al. 2018). In that case, Irim 
Ipc, Iseparatrix ≈ Ipc, and therefore, eqs. (7), (3) and (8) yield
δ ≈ rpc
2κ
 rpc , max ≈ eVpc
κ
 eVpc . (9)
What is very important is that our model also allows us to estimate
the rate of energy dissipation into high-energy luminosity Lγ in the
pulsar magnetosphere. This is equal to the Poynting flux carried
by the magnetic field lines that originate in the polar cap rim. A
straightforward calculation yields
Lγ ≈ δrpc E˙ =
E˙
2κ
. (10)
This simple relation tells us that for typical γ-ray pulsars with ob-
served γ-ray luminosity efficiencies equal to 0.1% − 1% − 10%,
the corresponding pair formation multiplicities are expected to lie
in the range κ ≈ 500 − 50 − 5 respectively. Notice also that, if
we assume that Lγ/E˙ is roughly proportional to E˙−1/2 as suggested
by observations (Thompson 2008; Grenier & Harding 2015), then
κ ∝ E˙1/2.
A final comment is in order here before we move on to the next
section. As we saw in the calculation below eq. (5), near the sur-
face of the star the separatrix electric charge fails to account for the
separatrix return current by a factor (rpc/rlc)2  1. The same calcu-
lation near the Y-point yields the separatrix surface charge density
σlc near the light cylinder R→ rlc,
EOUT lc − EIN lc ≈ − −2Blc[1 − (R/rlc)2]1/2 ≡ 4piσlc < 0 (11)
(see Uzdensky 2003; Timokhin 2006, for details). Here, Blc ≡
B∗(r∗/rlc)3/2 is the value of the dipole magnetic field at the light
cylinder. In the above estimate, ‘IN’ and ‘OUT’ at the Y-point refers
to the region just outside and inside the light cylinder respectively.
Obviously, the separatrix electric charge is sufficient to support the
separatrix return current. The only way to reconcile this result with
the inefficiency of the separatrix electric charge to carry the same
electric current near the surface of the star is the following: The
separatrix must contain an extra amount of distributed corrotating
positive electric charge with surface charge density σ+(R) > 0 such
that,
σ+(R) + σ−(R) = σ(R) (12)
at all distances, from the polar cap at rpc to the light cylinder. Here,
σ−(R) ∼ −Ipc/2piRc is the negative charge density carried by the
electrons that inflow from the dissipation zone. Clearly,
σ− pc ∼ − rpcrlc
B∗
4pi
=
(
rlc
r∗
)3
σpc , (13)
which is in absolute terms much greater than σpc. Consequently,
σ+ pc ≈ |σ− pc|. It is conceivable that these corotating positrons are
the result of pair formation by the inflowing separatrix electrons.
Note that the concept of one particle population of the ‘right’ type
flowing through another stationary (corotating) population of the
‘wrong’ type needed to support both the electric charge and electric
current distributions in the pulsar magnetosphere was first proposed
in section 4 of Contopoulos (2016).
3 HIGH ENERGY RADIATION
If we know the accelerating electric field and the trajectory of par-
ticles in the equatorial dissipation region, it is straightforward to
MNRAS 000, 000–000 (0000)
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calculate the asymptotic particle Lorentz factor Γ in the curvature
radiation reaction limit,
dΓ
dt
=
ecEacc
mec2
− 2e
2Γ4
3r2lcmec
= 0⇒ Γrrl =
(
3r2lcEacc
2e
)1/4
. (14)
Here, Eacc is the accelerating electric field in the dissipation region.
We have assumed here that the radius of curvature around the Y-
point is equal to rlc. We can estimate Eacc if we make the simpli-
fying assumption that the magnetic flux that crosses the equatorial
dissipation zone does so in a dipole-like configuration. In that case,
the width ∆ of that region is equal to
∆ ≈ 2δ
(
rlc
r∗
)3/2
≈ rlc
κ
, (15)
and hence, the accelerating electric field in that region is equal to
Eacc ≈ Vrim
∆
≈ Blc . (16)
We have thus shown that the accelerating electric field is approxi-
mately equal to the value of the magnetic field near the light cylin-
der. One can easily check that, with this accelerating electric field,
Γrrl = 4 × 107
( B∗
1013G
)1/4 ( P
1 s
)−1/4
, (17)
where, P is the pulsar period. This will be reached within an accel-
eration distance on the order of
lacc ≡ Γrrl mec
2
eEacc
≈ 0.4
( B∗
1013 G
)−3/4 ( P
1 s
)7/4
rlc . (18)
Obviously, the acceleration in the equatorial dissipation region will
be able to reach the radiation reaction limit only if lacc ≤ ∆, i.e.
if P <∼ κ−4/7 s. This will be satisfied only for young pulsars. For
slower pulsars, the radiation reaction limit is probably not reached
in the equatorial dissipation region. In that case, the particles that
will benefit from the full potential drop accross the rim region will
be accelerated to a maximum Lorentz factor Γmax equal to
Γmax =
eEacc∆
mec2
=
eB∗r3∗
2κr2lcmec
2
=
108
κ
( B∗
1013 G
) ( P
1 s
)−2
. (19)
The curvature radiation γ-ray cutoff energy will thus be determined
by the smallest of Γrrl and Γmax, namely
cut = min(Γ3max,Γ
3
rrl)
3hc
2rlc
=
80
κ3
( B∗
1013 G
)3 ( P
1 s
)−7
GeV if Γmax < Γrrl , (20)
3
( B∗
1013 G
) 3
4
( P
1 s
)− 74
GeV if Γmax > Γrrl . (21)
We see that the spectrum is limited by radiation reaction only at
small multiplicities. At large multiplicities, the spectrum cutoff en-
ergy decreases as κ−3. Notice also that if κ is roughly proportional
to E˙1/2, then cut is proportional to P−1 in the accelerating regime,
and to E˙3/8 in the radiation reaction limit.
The detailed γ-ray spectrum will be a superposition of the
spectra of the particles that enter the dissipation zone at various
positions (see Figure 2). Synchrotron emission beyond the Y-point
may also contribute to the high-energy spectrum, and in some cases
may even be more efficient than curvature radiation (according
to Philippov & Spitkovsky 2018). Accurate estimates of spectra
and 3D light curves require detailed PIC simulations of the equa-
torial dissipation region near and outside the Y-point. The work
Open field lines
Closed
field 
lines
Equatorial
current sheet
Dissipation zone
of width Δ«rlc
at the origin of 
the equatorial
current sheet
Field lines from the 
rim of the polar cap
+
+
++ +
-
-
-
-
-
Eacc
Figure 2. Detail of the equatorial dissipation zone (see Figure 1a for de-
tails). While in that region, positrons that originate over the rim of the polar
cap are accelerated outwards by the accelerating field Eacc and radiate cur-
vature radiation. After they exit the dissipation region, they populate the
equatorial current sheet. Similarly, electrons that too originate over the rim
of the polar cap are accelerated and radiate inwards, and they populate the
separatrix current sheet.
of Kalapotharakos and collaborators has shown that high-energy
emission inside the light cylinder (e.g. in so-called “outer gaps”)
does not easily result in light curves that are consistent with Fermi
observations (e.g. Kalapotharakos, Harding & Kazanas 2014), thus
our present model is promising. Notice that we do not need to per-
form global (‘ab initio’) PIC simulations since the rest of the mag-
netosphere is practically ideal and force-free. We thus plan to focus
our computational resources only in the vicinity of the Y-point.
4 SUMMARY
We have here proposed the following solution to the issue of the
current closure in the pulsar magnetosphere:
(i) The pulsar magnetosphere is everywhere ideal and force-free
except for the region above the polar cap (where pairs are gener-
ated), the termination shock at ‘infinity’, and an equatorial narrow
dissipation zone at the origin of the equatorial current sheet just
outside the magnetospheric Y-point. Magnetic field lines from the
rim of the polar cap enter the latter region after crossing the light
cylinder, and return to the other polar cap.
(ii) The electric charge carriers in the separatrix are provided by
one sign of the pairs in the polar cap rim. It is also conceivable that
these inflowing particles will also form pairs near the star and thus
contribute to the general magnetospheric pair multiplicity.
(iii) The other sign of the electric charge carriers, together with
the electric current that outflows from the polar cap rim, forms the
rest of the return current in the equatorial current sheet beyond the
dissipation zone.
(iv) The rest of the magnetic field lines in the polar cap opens
up to infinity. Equivalently, the equatorial current sheeet beyond the
dissipation zone is practically dissipationless.
The physical motivation for the development of the dissipa-
tion zone at the particular position that we propose is clear: it acts
as the source of the right type of charges in both the equatorial and
separatrix current sheets. This can be described as “pair genera-
tion without pair formation” at the Y-point (the required pairs are
carried to the dissipation zone from the polar cap rim). Without a
source of pairs at the Y-point, all available positrons will move out,
MNRAS 000, 000–000 (0000)
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electrons will move in, thus, the region around the Y-point will be
depleted of the needed charge carriers, ideal force-free conditions
will brake down, and the dissipation zone will develop.
We expect that high-energy radiation is produced only wher-
ever particles are accelerated, since otherwise their energies are
quickly radiated away via curvature radiation. In the framework of
our simple model, particles are accelerated only in the equatorial
dissipation zone and in the polar caps, and therefore, high-energy
radiation is produced nowhere else in the magnetosphere. This sim-
plifies very much our efforts to understand how γ-ray pulsars oper-
ate. In particular, magnetospheric solutions that correspond to pair
formation multiplicities κ >∼ 10 (or equivalently γ-ray efficiencies
Lγ/E˙ <∼ 10%) will differ only slightly from the standard ideal force-
free CKF-type solution. In that case, we are able to determine the
maximum particle energy (eqs. 17, 19) and the resulting curvature
radiation cutoff energies (eqs. 20, 21) as functions of the pulsar pe-
riod P and the pair formation multiplicity κ.
More detailed calculations of the resulting spectrum and high-
energy light curves in 3D will be presented in a future work. It is
easy to obtain light curves since the source of the high-energy radi-
ation is a narrow region at the origin of the equatorial current sheet.
Obviously, for pair formation multiplicities κ <∼ 10 (or equivalently
γ-ray efficiencies Lγ/E˙ >∼ 10%), δ will be of the same order as rpc,
and ∆ will be of the same order or larger than rlc, and therefore, the
global solution will differ significantly from the one presented in
this work. That regime of pair formation multiplicities can only be
investigated with numerical simulations (e.g. Kalapotharakos et al.
2018). We remind the reader, though, that Contopoulos, Kazanas
& Kalapotharakos (2014) have already considered analytically the
limit κ = 1 and obtained γ-ray efficiencies Lγ/E˙ ≈ 40%. In that
case, the equatorial dissipation zone extends all the way from the
Y-point to infinity. Their solution was later confirmed via PIC sim-
ulations performed by Cerutti et al. (2015). Finally, in the limit of
no pair formation κ ≈ 0, the solution is expected to degenerate to a
‘dead’ pulsar with no electric currents.
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